In the virtual presence of a heavy quark t, the interactions of a CP-odd scalar boson A, with mass M A 2M t , with gluons and light quarks can be described by an e ective Lagrangian. We analytically derive the coe cient functions of the respective physical operators to three loops in quantum chromodynamics (QCD), adopting the modi ed minimal-subtraction (MS) scheme of dimensional regularization. Special attention is paid to the proper treatment of the 5 matrix and the Levi-Civita tensor in D dimensions. In the case of the e ective ggA coupling, we nd agreement with an all-order prediction based on a low-energy theorem in connection with the Adler-Bardeen non-renormalization theorem. This e ective Lagrangian allows us to analytically evaluate the next-to-leading QCD correction to the A ! gg partial decay width by considering massless diagrams. For M A = 100 GeV, the resulting correction factor reads 1+(221=12) (5) s (M A )= +165:9 (5) s (M A )= 2 1+0:68+0:23. We compare this result with predictions based on various scale-optimization methods.
Introduction
Despite the tremendously successful consolidation of the standard model (SM) of elementary particle physics by experimental precision tests during the past few years, the structure of the Higgs sector has essentially remained unexplored, so that there is still plenty of room for extensions. A phenomenologically interesting extension of the SM Higgs sector that keeps the electroweak parameter 1] at unity in the Born approximation, is obtained by adding a second complex isospin-doublet scalar eld with opposite hypercharge. This leads to the two-Higgs-doublet model (2HDM). After the three massless Goldstone bosons which emerge via the electroweak symmetry breaking are eaten up to become the longitudinal degrees of freedom of the W and Z bosons, there remain ve physical Higgs scalars: the neutral CP-even h and H bosons, the neutral CP-odd A boson, and the charged H -boson pair. The Higgs sector of the minimal supersymmetric extension of the SM (MSSM) consists of such a 2HDM. At tree level, the MSSM Higgs sector has two free parameters, which are usually taken to be the mass M A of the A boson and the ratio tan = v 2 =v 1 of the vacuum expectation values of the two Higgs doublets. For large values of tan , the top Yukawa couplings of the neutral Higgs bosons, = h; H; A, are suppressed compared to the bottom ones.
The search for Higgs bosons and the study of their properties are among the prime objectives of the Large Hadron Collider (LHC), a proton-proton colliding-beam facility with centre-of-mass energy p s = 14 GeV, which is presently under construction at CERN.
The dominant production mechanisms for the neutral Higgs bosons at the LHC will be gluon fusion, gg ! 2], and b b associated production, gg;! b b 3] , which is, however, only relevant for large tan . The loop-induced gg couplings 4] are mainly mediated by virtual top quarks, unless tan is very large, in which case the bottomquark loops take over. The ggh and ggH couplings also receive contributions from squark loops, which are, however, insigni cant for squark masses in excess of about 500 GeV 5] . In the case of the ggA coupling, such contributions do not occur at one loop because the A boson has no tree-level couplings to squarks. For small tan , the inclusive cross sections of pp ! + X via gluon fusion are signi cantly increased, by typically 50{70% under LHC conditions, by including their leading QCD corrections, which involve twoloop contributions 6, 7] . Thus, the theoretical predictions for these observables cannot yet be considered to be well under control, and it is desirable to compute the next-to-leading QCD corrections at three loops, since there is no reason to expect them to be negligible. Recently, a rst step in this direction has been taken by considering the resummation of soft-gluon radiation in pp ! + X, assuming tan to be small 8].
Considering the enormous complexity of the exact expressions for the leading QCD corrections 7], it becomes apparent that, with presently available technology, the nextto-leading corrections are only tractable in limiting cases. For instance, in the large-tan limit, where the gg couplings are chie y generated by bottom-quark loops, one can neglect the bottom-quark mass against the Higgs-boson mass, keeping the bottom Yukawa coupling nite. In this way, one resorts to massless QCD. On the other hand, if tan is close to unity, which was assumed in Ref. 8 1 We also present the leading-order coe cient function of the physical operator pertaining to the e ectiveA interaction, where q is a light quark. We thus provide the tools which are necessary to reduce the calculation of the next-to-leading QCD correction to the cross section of pp ! A + X to a standard problem in massless ve-avour QCD.
In our analysis, we consistently neglect the Yukawa couplings of the light quarks to the A boson. In other words, if all quark masses, except for m t , are nulli ed, the hadronic decay width of the A boson is entirely due to A ! gg and the associated higher-order processes under consideration here. Through three loops, the contributing nal states are gggg, ggq q,0 q 0 , ggg, gq q, gg, and. This paper is organized as follows. In Section 2, we establish the heavy-top-quark e ective Lagrangian for the QCD interactions of the A boson to three loops. In Section 3, we compute from this Lagrangian the O( 2 s ) correction to the partial width of the decay A ! gg and compare it with predictions based on various scale-optimization methods.
Section 4 contains a discussion of our results together with some remarks on the connection between the e ective ggA coupling, the axial-anomaly equation, and the low-energy theorem.
E ective Lagrangian
We start by setting up the theoretical framework for our analysis. As usual, we em- an idealized situation, we consider QCD with n l = n f ? 1 light quark avours q i and one heavy avour t, in the sense that 2m q i M A 2m t . We wish to construct an e ective n l -avour theory by integrating out the t quark. We mark the quantities of the e ective theory by a prime. Bare quantities carry the superscript \0". As already mentioned in the Introduction, we consider a 2HDM with tan = 1, so that the quark Yukawa couplings and masses are related by a avour-independent proportionality factor. 
C 0 i are coe cient functions, which depend on the bare parameters of the full theory and carry all m 0 t dependence, and the ellipsis stands for terms involving unphysical operators, which do not contribute to physical observables. Here, G a = @ G a ? @ G a + g s f abc G b G c is the colour-eld-strength tensor andG a = G a is its dual; G a (a = 1; : : : ; N A ) are the gluon elds, g s = p 4 s is the QCD gauge coupling, and f abc are the structure constants of the SU(N c ) algebra. We do not display the colour indices of the quark elds. We mark the operators and coe cient functions with a tilde in order to avoid confusion with our previous notation for the scalar case 10, 11] .
The Levi-Civita tensor is unavoidably a four-dimensional object and should be taken outside the R operation. Thus, we rewrite Eq. (3) 
where the ellipsis again represents unphysical terms. The divergence @ J 00; 5 is renormalized multiplicatively in the same way as the colour-singlet axial-vector current J 00; 5 itself, while G 00;a G 00;a mixes under renormalization 23, 24] . Speci cally, we have hÕ 0 
Note that Z 0 11 = Z 0 g 2 is the square of the coupling renormalization constant, Z 0 g . As will become apparent later, we only need the leading term of Z 0 22 . The relations between the bare and the renormalized coe cient functions are accordingly given bỹ 
We now turn to the computation of the bare coe cient functionsC 0 1 andC 0 2 in Eq. (2). We are thus led to consider irreducible vertex diagrams which connect one A boson to the respective states of gluons and light-quark pairs via one or more t-quark loops, whereby all external particles are taken to be on their mass shells. Typical examples are depicted in Fig. 1 . There are three independent ways to obtainC 0 1 , namely from the sets of ggA three-point, gggA four-point, or ggggA ve-point diagrams. At the three-loop level, these sets contain 657, 7362, and 95004 diagrams, respectively. We choose to work out the rst option in the covariant gauge with arbitrary gauge parameter, so that the gauge-parameter independence of the nal result yields a nontrivial check. Another independent check is then provided by elaborating the second option in the 't Hooft-Feynman gauge keeping only one external momentum di erent from zero. In order to cope with the enormous complexity of the problem at hand, we make successive use of powerful symbolic manipulation programs. Speci cally, we generate and evaluate the contributing diagrams with the packages QGRAF 25] and MATAD 26] , which is written in FORM 27], respectively. The cancellation of the UV singularities, the gauge-parameter independence, and the renormalization-group (RG) invariance serve as strong checks for our calculation.
Let us denote the sum of all relevant ggA diagrams by V ggA; (q 1 ; q 2 ), where q 1 and q 2 are the incoming four-momenta of the two on-shell gluons with polarization four-vectors 1 and 2 , respectively. According to Eq. (4), V ggA; is by construction totally antisymmetric in the indices , , , and . In order to computeC 0 1 , we need to expand V ggA up to terms linear in q 1 and q 2 . There is just one possible structure, namely V ggA; (q 1 ; q 2 ) = C ggA P ggA; (q 1 ; q 2 ); P ggA; (q 1 ; q 2 ) = q 1 q 2 g g ] ; (10) so that the coe cient C ggA may be conveniently extracted by noting that P 
The normalization of Eq. (11) 
( ).
As an independent check, we may also extractC 0 1 from the sum V gggA; (q) of the gggA diagrams, where , , and are the Lorentz indices of the gluon polarization fourvectors. Notice that it is su cient to keep one external four-momentum, q, di erent from zero, since the three-gluon piece ofÕ 0 1 contains just one derivative. Again, there is only one possible structure linear in q, namely V gggA; (q) = C gggA P gggA; (q); P gggA; (q) = q g g g ] ; (16) so that the coe cient C gggA may be easily extracted by using P 2 gggA = (D ?1)(D?2)(D?
3)q 2 =24. In contrast to the two-gluon piece ofÕ 0 1 , we now have to include decoupling constants for three gluon elds and one gauge coupling. Again, the Feynman rule for the three-gluon piece ofÕ 0 1 involves a factor of 8. Thus, the nal formula forC 0 1 is given bỹ (19) where m t ( ) is the MS mass of the t quark.
A ! gg decay
Having established the high-m t e ective Lagrangian (5) ; (20) where 0 1;ij and 0 2;ij are functions of q 2 . We may extract 0 1;ij and 0 2;ij by totally contracting Eq. (20) (21) respectively. Notice that P 1 and P 2 develop 1=" poles in the physical limit " ! 0. This may be understood by observing that the two terms on the right-hand side of Eq. (20) are actually linearly dependent in four dimensions. In practice, the appearance of 1=" poles in Eq. (21) does not create a problem, since we are only interested in the absorptive parts of the correlators in Eq. (20) , so that it su ces to extract the pole parts of the relevant diagrams. It turns out that 0 1;ij = 0, so that, after performing renormalization, taking the physical limit " ! 0, and contracting with the Levi-Civita tensors, we have If we assume that (5) s (M A ) = 0:116, which follows from (5) s (M Z ) = 0:118 for M A = 100 GeV, and take the t-quark pole mass to be M t = 175:6 GeV, then the correction factor corresponding to the square bracket in Eq. (25) has the value 1+0:68+0:23 = 1:91, i.e. the three-loop term amounts to 33% of the two-loop term. This is somewhat larger than the corresponding correction factor for a SM Higgs boson with mass M H = 100 GeV, which was found to be 1 + 0:66 + 0:21 = 1:87 10]. For our choice of input parameters, we obtain from Eq. (25) 
